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Asymmetric brane worlds with dS expansion and static double kink topology are obtained from a 
recently proposed method and their properties are analyzed. These domain walls interpolate between 
two spacetimes with different cosmological constants. In the dynamic case, the vacua correspond to 
dS and AdS geometry, unlike the static case where they correspond to AdS background. We show 
that is possible to confine gravity on such branes. In particular, the double brane world host two 
different walls, so that the gravity is localized on one of them. 
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+^ ! I. INTRODUCTION 

■ The idea that our universe could be a hypersurface embedded in a higher dimensional spacetime is being considered 
^n with raising interest. During recent years, new models have been explored 0,0,|3,SMIEI3)I1j0) 0| which 
require either extra dimensions with compactification scale close to the limit of modern measurement of gravity 
(around millimeters) or noncompact extra dimensions. In the latter case, the visible universe is confined into a 
^ four-dimensional worldsheet (a 3-brane) embedded in a larger spacetime. In particular, the five dimensional Randall- 
Sundrum model Il3l | has received much attention since its birth because of its rich structure, which consists in a 
OsJ thin domain wall in a relatively simple conceptual framework. 

Considering our four-dimensional universe as an infinitely thin domain wall is an idealization, and it is for this reason, 
^ that in more realistic models the thickness of the brane has been taken into account 0, 0, 0, 0, 0, |3 123, |^ . 
The thick domain walls are solutions to Einstein's gravity theory interacting with a scalar field, where the scalar field 
is a standard topological kink interpolating between the minima of a potential with spontaneously broken symmetry. 
We find that the coupled Einstein-scalar field system has singular solutions (221. This kind of solutions to the 
field equations is obtained from the usual regular thick domain walls, thus each regular solution is associated with an 
irregular one, just as it happens in classical sine-Gordon and KdV solitonic theory to accomplish complete integrability 
of these systems. In the present paper, we make simultaneous use of the regular and irregular solutions in order to 
generate novel brane worlds. 

Due to the non-linearity and instability of the gravitational interactions, the inclusion of the gravitational evolution 
_ ' into a dynamic thick wall is a highly non-trivial problem. For this reason, there are not so many analytic solutions 
^> , of a dynamic thick domain wall. In fact, to our knowledge, there exist in the literature only two solutions [231 l24l] . 
5^ ' with background metric on the brane given by a de-Sitter {dS) expansion, which resembles the Friedmann-Robertson- 
^ I Walker metric, typical in a cosmological framework. In this work, we obtain another analytic solution of a thick brane 
with a dS expansion, being dS in one side and AdS in other one along the perpendicular direction to the wall. 

In the context of static domain wall spacetime, there are topological defects richer than the standard topological 
kinks. These configurations may be seen as defects that host internal structure, representing two parallel walls or 
double domain walls, whose properties have been studied in several papers: in |23|, using models described by a 
complex scalar field; in 27, 28], in models described by two real scalar fields on flat spacetime; and in (2^, in 
brane scenarios involving two higher dimensions on curved spacetime. On the other hand, the models supported on a 
single real scalar field, with a 2-kink profile have only been considered in 133,^3 . In the present work, we shall deal 
with very specific models, described by a single real scalar field which couples with gravity on a conformal geometry 
with one extra dimension, where the wall interpolates between different AdS vacua. 

The purpose of this paper is to address the issue of localizing gravity in some new types of domain walls. In the 
next section, we review a method to obtain novel brane worlds from known ones developed in and show that 
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both branes are not physically equivalent. In sections III and IV, new domain wall solutions are found and analyzed 
with both a dS expansion, and double kink topology. Finally, we summarize our results on section V. 

II. APPROACH TO GENERATE NEW SOLUTIONS 

The nonlinearity of the Einstein's gravity theory interacting with a scalar field represents a strong difficulty when 
finding exact solutions to the system. In this sense, several formulations and methodologies 14, 32, 33] have been 
reported, where it is possible to reconsider the problem in a simpler way. Maintaining this focus, in this section, we 
will apply a new formulation based on the linearization of one of the equations of the system I22l |. 

Consider the coupled Einstein-scalar field system 



R 



dV{^) 



= 0, 



(1) 



where /i, = 0, 4. 

We wish to find solutions to this coupled system with a planar parallel symmetry, where the scalar field is a 
function only of the perpendicular coordinate to the wall x. The most general metric of this kind is 



fix) [^dt^ + e^^^dy'dy'] + f{x)dx^, 



(2) 



where i = 1, 2, 3. If /3 > 0, we will have dynamic solutions; while if /? = 0, we will have static solutions. Following the 
recently proposed method in let us g be the inverse function of the metric factor /. Then the system ^ has 
associated an orthogonal set of solutions {51,32}, for the same scalar field (f), where 



and the general solution 



92{x) ^ gi{x)xix), x(x) 



g{x) = gi{x) [ci +C2x{x)] 



1 



d^ 



ci , C2 e 



(3) 



(4) 



depends on two arbitrary constants. 

We are interested in the realization of brane worlds on the geometry defined by g. In order to do this, we must 
guarantee that the spacetime does not present singularities along the extra coordinate that prevents the normalization 
of the zero mode of the spectra of gravitons, which is physically unacceptable. The possible singularities in Q 
correspond to the zeros that Q can take in some values of x. Considering gi as a continuos function without zeros, 
there are two cases where this can happen 

1. - If ci =0 and C2 ^ 0, then g will have a zero in xq- 

2. - If ci, C2 7^ 0, then g will have a zero in Xp ^ x when x{x)\xj, = — ci/c2. 

Therefore, to avoid divergences in it is only necessary to choose appropriately the constants ci and C2, so that 
its negative quotient does not belong to the range of x{x), as can be deduced from the second condition. 

As a final comment, equation I^J gives a mechanism to obtain new solutions to the coupled system from well known 
ones, compatible with the same scalar field but with different potentials. At this point, it is important to remark that 
spacetimes obtained from gi and g with metric tensors gi^jy and are physically different, because it does not exist 
a diffeomorphism among them. In fact, these spacetimes are connected by a conformal transformation given by 



gii_,^ = i^'^g^,,, n = ci+ C2xix). 



(5) 



In concordance with |34j . the conformal transformations should not be understood as diffeomorphisms, but as appli- 
cations that allow to connect two different spacetimes with identical causal structure. In this sense, we can conclude 
that the manifolds with metric tensors gi^jy and g^i, are physically non-equivalent. 

III. A NEW BRANE WORLD WITH A DE SITTER EXPANSION. 

Consider the embedding of a thick dS 3-brane into a five-dimensional bulk described by the metric (j^J, with a 
reciprocal metric factor given by 



= cosh*(/3a;/(5), 1/2 > S > 0, (3 > 0. 



(6) 
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In Ref. [23,133, it has been shown that this spacetime is a solution to the coupled equations Q with 

4> = (j)o arctan (sinh j3x/6) , 0o — \/3(5(l — (5), 



and 



1 + 35 

25 



3/32 (cos0/0o)'^'"'^ 



(7) 



(8) 



The scalar field takes values ± (p^ir /2 at a; — > ± 00, corresponding to two consecutive minima of the potential with 
cosmological constant A = 0, and interpolates smoothly between these values; with 5 playing the role of the wall's 
thickness. It has been shown that this domain wall geometry localizes gravity on the wall in jSg and has a well-defined 
distributional thin wall limit in 33] . 

Remarkably enough, not so many analytic solutions of a thick domain wall with dS expansion are known. In 
fact, an exact solution on manifold with warped geometry is reported in |24j : and another one is given by (|S1EI|SJ). 
Moreover, this last one is the only dynamic domain wall on a spacetime with conformal gauge geometry encountered 
in the literature so far 23]. 

We wish to find another thick domain wall with dS expansion in five-dimensions. From equation choosing 
ci = 1, C2 = a, with gi given by ©, we obtain 



g = cosh\l3x/6) 



13-2(35 



cos 



h^^-^\l3x/5) sinh.~^{l3x/5) \siiih[3x/5\ 2Fi[l,k,n,cosh^{l3x/5% 



(9) 



where 2F1 is the hypergeometric function with I = \/2 — 5, k = I + 5, and n = I + 1. This solution represents a 
three-parameter family. Then, for simplicity we will consider the case 5 — 1/4 without the loss of generality 



g^^ cosh^/^(4/3a;) 2f3/e > a > 0, 



/3>0, 



(10) 



where H{x) = 2(3 — a iF[2i(ix,2\, F is the incomplete first order elliptic function and \/a ^ Image{x(a;)} = 
{— e/2/3, -|-e/2/3} in order to prevent singularities in the metric tensor. Specifically for the case 5 = 1/4, e ~ 1.31103 . 
This spacetime is a solution to ^ with 



(f) — ((0 arctan (sinh 4(ix) , 0o — 3/4, 



and 



21 



V{(()) = Jcos 40/3p/2 -^(0)2 _ 6 a Jcos 40/3p n{(()) tan(40/3) - 6 | cos 4:(l>/3\^/^. 
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(11) 



(12) 



Unlike the domain walls encountered in |23ll24| . for x +00 this spacetime is asymptotically AdS with cosmological 
constant —12q;/?(1 -I- ae/2/3) and for x ^ —00 is asymptotically dS' with cosmological constant -|-12a/3(l — ae/2/3). 
The asymmetry of this solution depends on the a parameter. In fact, for a — ^ a domain wall is obtained with 
reflection symmetry (|S1[7||S1). For clarity, in Fig^we depict the metric factor / = 1/g, the potential V {(()), and the 
density energy p for a — » and a = 3,5. 
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FIG. 1: Plots of the metric factor (left), scalar potential (center), and the energy density (right) for /3 = 4 and q — > and 
a = 3, 5. Here and in the other figures the thickness of the lines increases with increasing a. 



Next, we shall show that this wall can confine gravity. In concordance with the straightforward generalization of 
the approach used to obtain the general fluctuations around a background metric presented in |37|. the equations 
which describe linearized gravity in the transverse and traceless sector are 



-h.,V{<(,), 



(13) 
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with h^i, the metric perturbations. We write the metric fluctuations conveniently as 

hab = e'"-" f{x)^'^ i'abix), 

where a, 6 = 0, 3. From eq. (fT^ we have 

{-dl + Vqm) ipab = ipab, 
with — — PaP"' — 2/3^ the mass in the dS background, and 



Vqm{x) 



15/32 



cosh(4/3a;) + ^cosh-'^/^{A(3x)sinh{8(3x)n{x) ~ ^(19 - 3 cosh8/3a;)7^(a;)2 



cosh2(4/3a;)H(x)2 

From eq. H15() we find that the spectrum of perturbations consists of a zero mode (a, b indices omitted) 

-3/2 



^cosh^/^ {4:(3x) H{x) 



(14) 
(15) 

(16) 
(17) 



and a set of continuous modes. On the other hand, from (|16|l we can see that Vqm 9/3^/4, as \x\ oo. Thus 
the continuous modes are separated by a mass gap > 9/3^/4, as in l^^. In Fig. [21 we plot the potential Vqm, 
the corresponding zero mode, and the wave functions for massive modes. We see that the zero mode is bound on the 
brane, while mass modes move along the bulk, as expected. Moreover, the quantum mechanics potential is such that, 
in the transition region dS — AdS, there is a potential barrier in which the low energy massive modes experience a 
tunnel effect. 




80 

60 
40 
20 


-20 




-0.5 0.5 



-3 



-2 



FIG. 2: Plots of the Vqm (dashed line), the zero mode (left) and the massive modes (right) for /? = 4, a = 5 and m = 7. 



IV. EMBEDDING OF A NEW STATIC THICK BRANE WORLD IN AN ADS BACKGROUND 

Let us now consider a symmetric thick domain wall spacetime where the tensor metric is Q for /3 = 0, with 

gi{x)=[l + {\xff^'\ (18) 

where A and s are real constants with s an odd integer. This solution was presented and broadly discussed in [30l | 
and represents a two-parameter family of plane symmetric static double domain wall spacetime, being asymptotically 
^^5*5 with a cosmological constant — 6 A^. 

The metric with reciprocal metric factor H18|) is a solution to the coupled Einstein-scalar field equations with 



and 



^ = 00 arctan(A'' x'), <l>o = VMIE^^ (19) 



ViW = ^ A^ [tan(0/0o)]'''"'/'^ [cos^Mf^^'^'^ ["1 + 2s -Ataii^WM] , (20) 
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where (p inter pola tes between the two degenerate minima of V{4>), (j){±oo) = ± (j)Q-K/2. Similar solutions are also 
considered in |31| . 



In concordance with our approach, consider Q with gi given by (|18(l 

g=[l + {\ xf] {l + ax 2Fi[l, k, n, -(A xf']) , |A| 



m 



m r(n) 



> a > 0, 



(21) 



where I — l/(2s), k — 21 and n = 1 + I. This spacetime is also solution to the coupled system with the scalar field 
(O and 

= -6«2cos2/^((/./0o)-|Sin2(</,/,/,o)tan^2/.(^/^^)^(^) 



|l6atani/"(0/(?;.o) + cos-^/'{(j)/(j)o) [5 - 2s - (3 + 2s) cos(2(?!)/0o)] /C(</>)| 



(22) 

where K:{(j)) = A + a tani/^(0/0o) 2^^! fc, - tan2(0/0o)]. This is a three-parameter family of plane symmetric 
static double domain wall spacetime without reflection symmetry along the direction perpendicular to the wall. 
These walls interpolate between AdS asymptotic vacua with different cosmological constant A_ = — 6[ |A| r(fc) — 
ar{l)T{n) ]Vr(fc)2 for x < and A+ = -6[ |A| r(fc) + aT{l)r{n) f/T{k)^ for a; > 0. For a ^ it reduces 
to (1181 1191 On|) : and if, additionally, s = 1 the regularized version of the Randall- Sundrum thin brane is obtained 
|l5ll33| . In Figl^lwe plot the metric factor, the potential ^(0) , and the energy density p{x) for different values of 
a. 

As consequence of the asymmetry of the spacetime (I21II . we see a difference in the amplitude of the peaks of p{x), 
which indicates that the topological double kink host two branes whose energy densities differ considerably. Moreover, 
the lack of symmetry is notably observed in the asymptotically behavior of p{x), which reveals the main characteristic 
of our solution: A double domain wall spacetime interpolating between different AdS^ vacua. 
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FIG. 3: Plots of the metric factor (left), scalar potential (center), and the energy density (right) for s — 5, A = 1 and q ^ 
and a = 0.2,0.4. 

Continuing with the analysis of the system, we would like to explore the thin wall limit of these configurations. 
Following j33j , we introduce a new parameter S by scaling the solution H21|l , so that the metric is now 

sds^ = g{x/d)-^^ {-dt^ + df df) + g{x/5)-^ dx^ . (23) 

Observe that the scaling is performed so that this is still a solution to the Einstein-scalar field equations with 



A^'x'* 

(x) = 0oarctan(-^), 



1 



(24) 



and 



-6a cos 



2A 



lieafJtan^/" 



fl) - sin2(0/0o) tan-2/«(0/0o)/C(0) 
b) -)- cos-^''{(t>l(t>o) [5 - 2s - (3 2s) cos(20/0o) + 4((5 - 1) sin^ {4, / (t,^)] /C(0)} . (25) 



The metric (|23|l is regular in the sense of [3j|, thus all the curvature tensor fields make sense as distributions. 
Taking the distributional limit (5^0 of Gt* and Gx'^ we obtain 



hm ^ -A,e(x) - A_9(-x) - 3a (^-; ^^'J^^ ^1 , 



r(0^r(n)^ 
r(fc)2 



Six); 



(26) 
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lim G^"" 

5^0 



-A+e(a;) - A_e( 



(27) 



where Q is the Heviside distribution. This clearly shows that the double configuration, in this limit, corresponds to an 
infinitely thin domain wall located at a; = , tending asymptotically to AdS^ spacetimc with different cosmological 
constant at each side. For the case a ^ 0, it reduces to the thin wall limit associated to (|18|) reported in 3(|. 
Remarkably enough, for 5 — > 0, H23|l is not a regular metric in differentiable structure arising from the given chart, 
and we cannot use the approximation theorems of [3^ in order to relate the limit of the curvature tensor distributions 
with the limit of the metric tensor field. Whether or not a metric is regular depends in general on differentiable 
structure imposed on the underlying manifold. A different chart may exist for which the resulting differentiable 
structure gives a regular metric, but this is not our concern here. 

Let us return to solution H21|l to carry out the analysis of gravitational fluctuations around this geometry. From 
eq.linilllll with 



Vqm{x) 



-(A 



5 X{axf [l + {\xY 



{Xxf 



[2 - 4s + b{Xxf'] 



+ axiXxf" [X + K:{x)]2Fi[l,k,n,-{Xxf 



IQaXx + [1 + (A xf'] ^ [2 - 4s + b{Xxf 



we solve for zero modes to get 



^P^ = NX^/^ [l + {Xxf^] 



-3/(4^) 



K.{x) 



'3/2 



(28) 



(29) 



Remarkably, unlike the symmetric double- walls reported in 30, 31] where zero mode is essentially constant between 
the two interfaces, the massless graviton on our asymmetric double-walls is strongly localized only on the interface 
centered around the lower minimum of the quantum-mechanic potential, which is in correspondence with the lower 
maximum of the energy density. For clarity, in Fig^we depict the zero mode and the potential Vqm for the same 
values of the parameters. This asymmetric configuration is an exotic example of two parallel walls with different 
energy densities, where the gravity selects the brane associated to the lower energy conditions as a scenario in order 
to accomplish our universe. 




FIG. 4: Plots of the Vqm (dashed line), the zero mode (left) and the massive modes (right) for s = 5, \ = 1, a = 0.4 and 
m = 0.9. 

In Fig. 0]we can also see that the wave functions for massive modes move with relative freedom along the extra 
dimension, where those with the lower energy experience an attenuation due to the presence of the potential barrier 
localized near the wall with greater energy density. 

Finally, for scaled metric (|23|l we find that the linearized equation of motion for tensor fluctuations cannot be 
rewritten as a Schrodringer equation. Moreover, the metric is not regular for (5 — > in the sense of |38| . Hence, 
four-dimensional gravity cannot be reproduced on the thin wall limit and a brane-world in this case is inviable. 



V. CONCLUSIONS 



In this paper we find two brane worlds embedded in a spacetime with a non-conventional geometry. Both solutions 
were obtained applying the method developed in '23| , which is supported in the linearization of one of the equations 
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of the coupling Einstein scalar field. 

In the first case, we studied thick domain walls with dS expansion in a novel geometry that tends asymptotically 
to different cosmological constants, being dS in one side and AdS in the other one, along the perpendicular direction 
to the wall. This asymmetry is a consequence of the behavior of the scalar field, which interpolates between two non- 
degenerate minima of a scalar potential without Z2 symmetry. These walls are a generalization of the first dynamic 
solution to coupling reported in l35l | . We showed that the zero mode of the graviton spectrum is localized on 
the asymmetric brane and there exists a gap between this state and the massive modes, which is a generic property 
of the dS branes. 

Finally, in the second case, we considered asymmetric static double-brane world with two different walls; arising 
from a scalar potential without Z2 symmetry. These branes are embedded in a AdSc, spacetime and in the thin wall 
limit, the energy density and pressure of these walls correspond to a single infinitely sheet with different cosmological 
constants on each side of the wall. The thick configuration turned out to be a generalization of the regularized (thick) 
Randall- Sundrum scenario studied in [s^l- We found that the zero mode of the metric fluctuation is localized on 
one of the walls, the one corresponding to the conditions of minimum energy; and that the massive modes are not 
bounded on any of the walls. 
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